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I. INTRODUCTION
With the increasing 'cost and complexity of modern gun-
fire control systems there exists a correspondingly increas-
ing need for thorough evaluation of simulated performance
with accurate models before major commitment is made.
Specifically, the MK-86 Digital Gunfire Control System
has come under such scrutiny and this thesis is one in a
series designed to define, evaluate and offer alternative
approaches to the existing system. While the original
motivation for the study in this thesis was to explore
alternative techniques to those used in the existing system,
the resulting derivations and computer programs lend them-
selves to other system modeling situations within certain
restrictions. The development of this thesis is intended
to allow future modeling work to easily take advantage of
the results contained herein.
The pattern followed in a typical cycle of the gunfire
control system is the acquisition of data by a radar,
analysis of the measurements in a filtering section, and
the generation of gun orders in a third general section.
The entire model should study all of these segments, but in
order to simplify the problem each segment may be studied
separately. This thesis is designed for studying the filter-
ing section and assumes . that input data is available from a
10

typical radar and that the results would be used by another
section to generate the gun orders.
In order to evaluate possible filtering methods for
analyzing the radar data it was necessary to generate real-
istic, simulated radar measurements for the model. There-
fore, a hypothetical track was developed with the capacity
for variation to provide the necessary input data. In
addition, the various special features that are presented in
this thesis were organized in the computer simulation for
straightforward selection and implementation thus offering
maximum flexibility for evaluation of the various filtering
methods. This designed-in choice of options was intended,





A. KALMAN FILTER THEORY
Sequential estimation is characterized by the serial
recursive processing of observations taken in time sequence.
The result of every processing cycle is the current best
estimate of the vector being estimated. This estimate
therefore embodies all observation data up to and including
the current observation. As a new observation is made, the
current estimate is updated to reflect this most recent data.
In such an estimation scheme the calculations are identical
in nature from cycle to cycle so they are ideally suited for
implementation on a digital computer.
The Kalman filter [1] is a recursive filter of the type
applicable to a digital fire control system in which discrete
observations are available from the radar. The filter offers
the capability of not only generating estimates of the
observed system's states but, also, of predicting future
system (or plant) states.
The linear discrete system for which the Kalman filter is
designed is characterized by the state and output equations
x(k+l) = £ x(k) + £ u(k). + T_ w(k) (1)
z (k) = H x(k) + v(k) (2)
where
x_(k) is the n-dimcnsional state vector at time t= kT,
u(k) is the p-dimcnsional deterministic input vector




_z(k) is the m-diraensional vector of measurements or
observations taken at time t = kT
,
w(k) and v(k) are q-dimensional and m-dimensional
noise processes, respectively, at time t = kT
,
4>_ is the n x n state transition matrix—assumed to
be known,
H is the m x n observation matrix— assumed to be known,
d_ and T_ are n x p and n x q matrices, respectively,
which relate the deterministic and non-
deterministic forcing terms to the state vector
--they are assumed to be known,
T is the time between measurements, and k is a non-
negative integer.
The noise statistics are summarized below
E[v(k) vT (j)] = R(k) Mk,j) (3)
r E[w(k) wT (j)]rT = Q(k) Mk,j) (4)
E[v(k) wT (j)] = for all (k , j
)
(5)
£(k,j) = (i H] (6)
It is assumed that the initial state is a random variable
with known mean and covariance
E[x(0)] = x, e{[x(0) - xl[x(0) - x ] T ) = P (7)
—
—O { — —O — —O J —
o
In addition, it is assumed that the measurement noise and
initial state are uncorrelated
E[x(0) vT (k)] = for all k (8)
and that the forcing noise and initial state are uncorrelated
E[x(0) wT (k)] = for all k (9)
13

The Kalman filter equations are summarized below
G(k) = P(k/k-l) HT [H P(k/k-l) HT+ R(k)] -1 (10)
P(k/k) = (I - 0(k) H) P(k/k-l) (11)
P(k+l/k) = £P(k/k) iT+ Q(k) (12)
x(k/k) = x(k/k-l) + G(k) [z(k) - H x(k/k-l)] (13)
x(k+l/k) = £ x(k/k) + A_ u(k) (14)
where the notation (k/k-1) is defined as a condition at time
t = kT given information up to and including time t = (k-l)T.
The matrices in these equations are
G(k) - n x m gain matrix
R(k) - m x m covariance matrix of measurement
error
P(k/k) - n x n covariance matrix of estimation
error
I_ - n x n identity matrix
P (k+l/k) - n x n prediction covariance matrix
Q(k) - n x n covariance matrix of state excita-
tion defined as £ E[w(k) w
T (k)] £
T
x(k/k) - n x 1 optimal (minimum variance) estimates
.
of x(k)
z (k) - m x 1 observation vector
x(k+l/k) - n x 1 optimal predicted value of x(k)
.
A block diagram of the discrete plant and Kalman filter is
shown in Figure 1.
The Kalman filter takes advantage of all previous state






Figure 1. Block Diagram of the Discrete
Plant and Kalinan Filter.
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and predicts ahead what the system states should be based on
the state transition matrix, <K and any known deterministic
forcing u. When a new measurement becomes available for
current state estimation the filter takes the predicted state
vector from the previous iteration, x(k/k-l) , and corrects
it by some amount depending on the difference between the
predicted vector and the measurement vector. Normally the
amount of correction is a fraction (less than one) of the
difference and is defined by the gain matrix, G(k) , which
has been calculated using equations (10) - (12) so that the
state estimates yield minimum variance estimates.
B. SYSTEM MODELS
In order to apply the Kalman filter to a given situation
a model for the plant must be specified. In the case of a
fire control system the plant is defined as the target. The
motion of the target is characterized by quantities such as
position, velocity, acceleration, acceleration rate, etc.
For most applications the plant can be approximated as
either a constant-velocity or constant-acceleration target.
In terms of a three-dimensional tracking problem with filter-
ing in an orthogonal coordinate system the resultant state
vector for the constant-velocity model includes six states
— three for position definition and three for velocity. The
constant-acceleration model also includes three acceleration
states
.
In this thesis, for example, the filtering is done in an




Figure 2. Coordinate System.
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both constant-velocity and constant-acceleration models with
the resultant state vectors
Constant-velocity Model Constant-Acceleration Target
x, x position
x_ x velocity
x o Y position
x. y velocity
X- z position






































For the models used in defining the plant in this thesis
the deterministic and non-deterministic forcing terms,
A_ u(k) and T_ w(k)
,
are assumed to be zero.
C. MONTE-CARLO SIMULATION
The basic premise upon which computer simulation is jus-
tified is that the model used for study accurately portrays
the phenomenon as it occurs in practice. In order to assure
that this requirement is satisfied repeated independent
experiments yielding classical random-sample statistics are
necessary. The requirement as it applies to actual simulation
exercises implies that those parameters in the model that are
variable require alteration in a random manner dictated by
the expected randomness in practice.
Monte-Carlo evaluation is the process of satisfying the
need for randomness in some of the model parameters and is
especially applicable with computer simulation where the
19

necessary calculating capacity and speed is available. Fur-
ther discussion of Monte-Carlo techniques and applications
may be found in [2].
The following discussion presents the necessary informa-
tion for deciding how many Monte Carlo runs, or iterations,
are required to satisfy some desired statistical confidence
.in the simulation. The source of theoretical information
against which empirical sampling of available random number
generators are compared is [3].
The use of available random number generators, such as
GAUSS or NORMAL for normally distributed random numbers , is
the most straightforward method for obtaining the desired
randomness to introduce into the simulation. Two factors
that must be considered in evaluating the performance of a
random number generator are (1) the statistics of the
empirical samples compared with the desired statistics and
(2) the confidence for which the results of (1) are
guaranteed.
For the type of random numbers needed with the Monte-
Carlo simulation of the filtering process in a fire control
system the merit of acceptance is based on the actual mean
and standard deviation (or variance) of the normally distri-
buted random numbers compared to the desired, or specified,
values of these quantities. Considering the mean of the
distribution first, several variables can be defined that
are used in calculating a desired number of samples to
achieve an acceptable mean. These include
20

d - a margin of acceptable error of the sample mean
expressed as a percentage of the desired standard
deviation, such as 0.1 (10% of the standard
deviation)
,
a - the risk involved in the result, also signifying
(100 - a) per cent confidence in the result,
6 - defined as (1 - a/2)
.
Entering Figure 3 with the value of B the variable t is
defined. The number of samples necessary to give a sample
mean within d of the desired mean with a known risk of a is
given by
.2 2to Mfl ,n = —5— (19)
d^
It can be seen that if d is expressed as a percentage of a
,
the actual value of the standard deviation is not required to
solve for the number of samples needed.
To determine the number of samples necessary for desired
statistics of the standard deviation refer to Figure 4.
Here again, the margin of acceptable error is expressed as a
percentage of the standard deviation, and this percentage is
the parameter P scaled along the abscissa. The ordinate is
labeled "degrees of freedom" and represents the number of
samples needed to achieve the various confidences plotted as
bars across the graph.
Working through an example shows how the curves are used.
Suppose it is desired to execute enough Monte-Carlo runs to
assure 90% confidence in sample statistics having an actual
mean and an actual standard deviation within 10% of its











































Figure 4. Number of Samples Required to Estimate
the Standard Deviation within P Percent





From Figure 3 the value of t is found to be 1.645, and
„ =
^- 6
^y = 270 . (21)
(.1) a
Referring to Figure 4 to find the number of samples required
for the desired standard deviation results gives n = 140.
Therefore, in order to satisfy all restrictions 270 samples
would be required.
Verification of these theoretical results involved
sampling two subroutines available in the NPS Computer
Facility Sublibrary, GAUSS and NORMAL. The approach used
was to sample each number generator for 1000 ensembles of
several numbers of samples in each ensemble. The number
1000 was chosen to obtain steady-state values in the statis-
tics determined for the runs of length 50, 75, 100, 150, 200,
500, 700, 1000, and 5000 samples each. A summary of the
results is included as Table I, and the FORTRAN program for
the study may be found in Appendix A.
It may be noted in Table I that the results for the nor-
mally distributed random number generator GAUSS are incom-
plete, and this is a consequence of the substantially greater
execution time required than for NORMAL. Whereas NORMAL used
Theoretical results are limited in accuracy to one's
ability to read Figure 3. Also, percent of standard devia-
tions within criteria of desired standard deviations are not
shown for theoretical calculations because (1) Figure 4 is
not complete and (2) the limiting factor in satisfactory M-C
simulation is the satisfaction of requirements for the mean,




COMPARISON OF EMPIRICAL AND THEORETICAL






Samples M SDb HA3M SDb
50 5 28.0 27.0 32.7 27.4 37.2
10 .52.4 51.9 63. 7 52.4 64.8
15 71.2 69.0 82.8 72.3 83.9
20 .84.2 83.9 94.3 85. 7 94.5
25 92.4 92.9 98.1 94.2 98.4
75 5 33.6 33.7 42.2 34.7 44.2
10 62.0 60.4 75.1 60.6 76.6
15 80.8 80.2 82.5 81.3 93.2
20 91.6 91.9 98.5 92.0 99.0
25 96.8 97.0 99.8 97.6 99.9
100 5 38.6 39.0 49.8 37.3 50.7
10 68.0 67.9 83.2 66.9 83.3
15 86.8 86.3 96.0 87.1 97.2
20 95.4 95.1 99.2 95.7 99.6
25 98.8 98.3 100.0 99.1 100.0
150 5 47.0 45.2 60.0 45.3 60.8
10 78.0 78.3 89.6 78.2 92.1
15 93.4 91.9 99.0 94.2 99. 3
20 98.4 98.0 99.9 99.0 100.0
25 99.8 99.7 100.0 99.9 100.0
200 5 52.0 52.7 66.8 52.6 68.7
10 84.2 82.2 95.3 83.6 95.2
15 96.4 96.0 99.8 96.3 99.9
20 99.6 99.4 100.0 99.1 100.0
25 100.0 99.9 100.0 99.9 100.0
. 500 5 73.4 75.3 87.0 72.6 88.9
10 97.0 96.7 99.9 97.0 99.9
15 100.0 99.9 100.0 99.9 100.0
20 100.0 100.0 100.0 100.0 100.0
700 5 81.4 81.0 93.5 81.5 93. 7
10 99.2 99.6 100.0 98.6 100.0
15 100.0 100.0 100.0 100.0 100.0
1000 5 89.0 90.4 96.2 - -
10 100.0 99.9 100.0 - -
15 100.0 100.0 100.0 - -
5000 5 100.0 100.0 100.0 - -
Note (a) - Percent of Means within percent criteria of de-
sired standard deviation




approximately 25 minutes of execution time to carry out the
entire analysis, GAUSS required 90 minutes to evaluate up
through 700 sample ensemble runs. For this reason NORMAL




III. DEVELOPMENT OF MONTE-CARLO SIMULATION PROGRAM (MCSP)
A. TRACK MODEL
In order to provide realistic data for testing filter per-
formance against an airborne target it was necessary to
develop a model based on a conventional dive bomb approach
by a modern aircraft against a seaborne target. From know-
ledgeable sources the parameters of such an approach were
obtained and, in accordance with the 4 -Hz sampling rate of
the radar, used to develop a simulation including such
features as a constant-acceleration dive, a pull-out follow-
ing ordinance release, and evasive maneuvers while withdraw-
ing in a gradual climb. The individual segments of the 233-
po-int track will be discussed as well as the methods one may
use to develop other tracks.
While in actual operation a radar measures range, bearing,
and elevation (RBE) , and perhaps rates as well, convenience
dictated development of the track in an XYZ coordinate system
2
centered at the ship, or radar, as shown in Figure 2. Such
parameters as ship's speed, bearing, roll, pitch, etc. were
not considered in the simulation to avoid model complexity.
These quantities, while offering potential sources of error
to any overall tracking system, were avoided to concentrate
on the filter performance and not the various correction
factors applied to input measurement data.
2The radar and the gun are assumed to be at the center of
the ship, or origin of coordinate system, and at sea level.
27

Satisfying the requirement for randomness in the track
data points, the variable factors mentioned earlier for
Monte-Carlo simulation, involved, when using one basic track,
the addition of randomly distributed Gaussian measurement
noise to every point. An alternative approach might have
been to run the simulation with many independent tracks
randomly distributed about the expected track, but this
would have caused much additional complexity and increased
execution time in the simulation.
In order to realistically generate noisy measurements
the track's XYZ data points, after being read by the Monte-
Carlo Simulation Program (MCSP) , are converted to RBE , the
desired Gaussian measurement noise with zero mean and appro-
priate standard deviation is added to each data point, con-
version back into the same XYZ coordinate system takes place,
and the data is available as simulated coordinate-converted
output from the radar ready for analysis.
The original track is layed out with the aircraft
approaching from the +X direction with initial radar contact
initiated at a range of 7200 yards and altitude of 4333
yards. Its initial velocity is approximately 250 knots,
and in the scenario Of the attack has just climbed to the
given altitude from a low or medium level approach in pre-
paration for the dive phase of the attack. A summary of




Poirrbs Description G Turn
1 - 33 Initial Dive 1
34 - 113 Accelerating Dive -
114 - 137 Pullout 4
138 - 141 Starboard Turn 2
142 - 145 Port Turn 2
146 - 149 Port Turn 2
150 - 157 Port Turn 3.5
158 - 165 Starboard Turn 3.5
166 - 173 Port Turn 3.0
174 - 181 Starboard Turn 3.0
182 - 193 Port Turn 3.0
194 - 205 Starboard Turn 2.5
206 - 221 Port Turn 2.5
222 - 233 Starboard Turn 2.0
Comments
Assumes 40° Dive Angle
139.16 yd/sec-249. 75 yd/sec
To altitude of 958 yards
Begin 10° Climb -
Velocity of 249.76
yd/sec is maintained
Note that the port turn at points 142 - 145 is followed
by another similar turn from points 146 - 149. The need for
the additional segment rather than creating just one turn from
points 142 - 149 will become clear later in the discussion.
The geometric relationships used to translate the desired
track into mathematical terms include both basic, intuitive
approaches and some requiring direct application to a given
target orientation. These general techniques will now be
discussed; the implementation of the particular track segments
in a FORTRAN program may be found in Appendix B.
The following sub-sections portray the various possible
maneuvers and track orientations used in developing the track
for the MCSP.
A.l The initial conditions include the starting point
anywhere in the coordinate system with the velocity vector
parallel to an axis. Specified parameters for a turn can
include angle of turn, time of execution, tangential velocity,
29

constant radial acceleration, and final translation with
respect to starting point. (Examples are: Points 1-33,
138-141, 146 - 149)
The geometrical arrangement is shown in Figure 5, and
the following pertinent definitions and equations apply: a
is the radial acceleration, vel is the tangential velocity,
and T is the time of maneuver; thus
32 2 2 2
a = —y— yds/sec • G of turn = vel /R , (22)
C = (4h(2R-h))^, S = R9 = 2Rsin-1C/2R,
T = S/2 ' vel . (23)
Using the pertinent equations certain parameters of the
turn can be specified while assuring that the other parameters
are reasonable. This results in values for R, 0, and the
number of track points in the segment and provides incremen-
tally growing AG's. Then each new track point is given by
X = X ± R sin A0 (24)no
Y = Y ± (R - R cos AS) . (25)no
Note: The optional signs above are dependent upon the orien-
tation of the maneuver on the axes.
A.
2
The initial conditions include the starting point
anywhere with the velocity vector at some angle, t, with
respect to an axis. The turn is in the plane of two of the
axes with certain parameters known, such as those mentioned




Figure 5. Geometry for Turn with Velocity Vector
Initially Parallel to Axis.
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a - Initial velocity vector t degrees to right of
axis; right turn,
b - Initial velocity vector t degrees to right of
axis; left turn,
c - Initial velocity vector t degrees to left of
axis; right turn,
d - Initial velocity vector t degrees to left of
axis; left turn.
The same pertinent equations as presented in A.l are
valid here, and the geometrical layouts are shown in Figures
6 and 7. Figure 6 applies to cases a and d above, and
Figure 7 to cases b and c. For comparison all cases will be
based on the assumption of an initial velocity vector at t
degrees with respect to the X axis and the turn in the XY
plane. However, the procedure is directly applicable to
other axes and planes with similar orientation.
The following development for obtaining the desired quan-




, X = 6-a, 3 = 180 - (t+/0) (26)
.'.A = 180 - t - AG - 90 +4p = 90 - x - ^- (27)
and A<f> = 90-X = T + 4p (28)
Also, it can be seen that C = 2 R sin (£9/2).
Similarly, the following development applies to Figure 7.
a =
18 °-hQ
, B = 90 + (90-t) = 90 - ~ (29)
£<j> = 3 -a =180-T-90 + ^|-=90-T + Jy- (30)
Again, it can be seen that C = 2 R sin (£0/2).
32

XFigure 6. Geometry for Right and Left Turns with
Velocity Vector Initially to Right and
Left of Axis, Respectively.
33

Figure 7. Geometry for Right and Left Turns with
Velocity Vector Initially to Left and
Right of Axis, Respectively.
34

Given that the quantities A
<J>
and C are available
(depending upon the choice of the variable parameters) the
track points can be generated for the four cases. A summary
for the four cases follows with the appropriate figures for





x to right - right turn
(Example: Points 114-137)
AX = C cos A<J)




Y = Y + AY
n o
(31)
A. 2.b x to right - left turn
(Example: Points 142-145)
AX = C* sin Acf>
AY = C cos Acf>
X = X - AX
n o





t to left - right turn
A.2.d t to left - left turn
AX = C* sin A cf>











AX = C cos A cf>













It should be noted that in using this approach it is
assumed that when a turn is initiated at some angle, t, with
respect to an axis the quantity (t + 8) is less than or equal
to 90 degrees. Otherwise, one must assure that the quantities
AX and AY are added to or subtracted from the initial coor-





(X ,Y )fo o '
X
Figure 8. Initial Angle, t, to Right




Figure 9. Initial Angle, T, to Right















coordinates may begin to change in directions opposite to
that discussed in the scenario described above.
A.
3
Initial conditions include a starting point anywhere
in the coordinate system with constant-acceleration motion in
a straight line. (Example: Points 34 - 113) Specified
parameters may include initial and final velocity, time of
execution, acceleration (assumed constant), angle of segment
with respect to some plane, and final translation from start-
ing point. The geometric arrangement is shown in Figure 12,
and the pertinent kinematic relationships follow below
2 • SFinal Velocity = , =
.
^— - Initial Velocity, (35)J
i Time of . *
(Execution)
Final Vel. = Init. Vel. + Acceleration • Time, (36)
Z Translation = S • sin a, (37)
X Translation = S • cos a, (38)
S = h (Init. Vel. + Final Vel.) * Time . (39)
Using these equations to define a track segment, the
incremental displacements can be defined as:
AX = AS • cos d, (40)
AZ = AS • sin a . (41)
Then each point along the track is defined by applying these
incremental changes relative to the previous track point.
A.
4
The last situation to be discussed is that applying
to the evasive retreat of the aircraft from the seaborne
target. In this scenario a gradual climb is initiated after
passing over the ship, and the climb angle of 3 degrees
38

requires an additional perspective into the aircraft's
motion. Using the techniques discussed previously in sub-
section A. 2 the aircraft's track was defined in the XY plane
of the coordinate system. If, however, the incremental Z
motion is such as to give a 3 climb angle the apparent effect
in the plane of the aircraft is to cause an increasing radi-
ally accelerating turn while maintaining the same constant-
acceleration turn in the XY plane. It can be seen in
Figure 13 that in the plane of the aircraft the radius of
curvature decreases from R, to R„ ; therefore, the radial
acceleration increases as it is inversely related to the
2
radius in a constant velocity model by R = Vel /Acceleration.
This apparent complication is justifiable in the context of
actual operation in that an aircraft might, in fact, execute
a turn with an increasing amount of radial acceleration. This
causes no problems in the simulation as long as the angle, x,
between the appropriate axis and the aircraft's velocity
vector is continuously updated in order to correctly initiate
the succeeding maneuver.
Two plots of the aircraft motion throughout the entire
maneuver are included as Figures 14 and 15. Figure 14 de-
picts the XZ plane, and Figure 15 shows a top view of the XY
plane.
B. TRACK OPTIONS
The groundwork for the track development having been
discussed, next follows a description of the options available







Figure 12. Constant Acceleration
Motion in a Straight
Line.
Figure 13. Constant Radial Acceleration
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The first option available is the selection of
direction of approach "of the airborne target relative to
the coordinate system centered at the ship. This rotational
capability is achieved by imputing the original track in XYZ
coordinates, converting into RBE, and adding a desired radial
increment to the bearing coordinate of every point shown in
Figure 16. If track velocities are also input to the pro-
gram (an option that is covered later) , it can be seen that
the component in the Z direction is not affected while those
in the X and Y directions are. Following is a derivation to
handle this problem, and the vector presentation is shown in
Figure 17.
|VEL' | = |VEL| (42)
X = -VEL ' cos 3 Y = VEL * sin 3 (43)
X' = -VEL 1 * cos (3-A) = -VEL cos (3~A) (44)
Y' = VEL 1 • sin (3-A) = VEL • sin (3-A) (45)
Using
cos (3-A) = cos 3 cos £ + sin 3 sin A (46)
sin (3-A) = sin 3 cos £ - cos 3 sin A (47)
We have
X' = -VEL • cos 3 cos A - VEL • sin 3 sin £ (48)

















Figure 17. Velocity Vectors for Track Rotation,
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X 1 = X cos & - Y sin £ (50)
Y* = Y cos A + X sin £ (51)
where X and Y are the original track velocities and A is the
angle of rotation.
The MCSP is arranged to provide a choice of the following
angles of approach: 0°, 45°, 90° , and 202.5°. If other than
these choices is desired the MCSP can be easily altered by
referring to the segment of the program several statements
after label 13 in the listing of the MCSP included as Appen-




The second option available is the translation of
all of the track points by desired amounts for each coordi-
nate axis. The implementation is discussed later, but the
method simply involves adding the desired increments to all
of the original track points' XYZ coordinates. The velocity




A third option is the choice of adding measurement
noise to the track points. If requested, the noise is added
to the RBE coordinates and conversion back into noisy XYZ
occurs. This noise, as now exists in the MCSP is mean zero,
and the user selects the desired standard deviations in range,
bearing, and elevation (units are yards, radians, radians).
In conclusion, the procedure for implementation of a
track and possible options requires that the XYZ data points
be generated offline and read into the MCSP where various
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input parameters control the rotation, translation, and
noise options applied.
C. SHELL-AT-TARGET ACCURACY
A feature which is an option in the MCSP provides approx-
imate shell-at-target miss distances for additional filter
evaluation. This feature is based on the firing table for
a 5-inch 54-caliber gun and provides the approximate miss
distances, or residuals, in X, Y, and Z directions and, also,
the absolute miss distance with time of shell flight. Sec-
tions of the MCSP that are specifically responsible for
these calculations are Subroutines ACCUR and STUDY.
The principles involved in obtaining the residuals will
now be described. The first step required for implementation
of the routine requires that the input XYZ track data be
provided to program GUNFIRE, included as Appendix D, for
offline calculation of the shell flight times to each point
using interpolation in the 5-inch 54 firing table, included
also in Appendix D. Program GUNFIRE is set up to provide
these times for data points out to a range of 7500 yards and
having an elevation of from 15 to 90 degrees above the
horizon.
The known information includes the XYZ data points, the
data point spacing, the shell times to each data point, and
the (£., or state transition matrix, and the objective, as
depicted in Figure 18, is to step back in time from a track
point for which the shell arrival time, t , is known to a
a
filter estimated point calculated an amount t earlier.
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o - True track points
(T) - Filter outputs
Figure 18. Shell-at-target Accuracy Diagram.
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Knowing this estimated point x(k/k) and the £ matrix the





included in the vector defined by £ x(k/k) where T is the
time between samples. The residual is then defined to be
equal to the difference between the position states in the
vector x(k+t /k) and the actual track point.
a
Two major problems arise, however, in this approach. The
first is that if t is not an integer multiple of track time
increments, a filter estimate of states is not available.
Secondly, implementation of this method generally requires
raising the
^_
matrix to a fractional power—a situation to
be avoided.
A reasonable approximation to the desired results above
is to step back in time to the first filter estimate prior
to the desired time of filter estimation vector. This amounts
to some fraction, a, of the time between samples, and the
required vector of estimates is given, approximately, by
(-)
x(k+a/k) = $ x(k/k) . Hence,
t












but —=— is an integer, thus solving the problem of raising
$_ to a fractional power.
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EXAMPLE: Given that the time for a shell to reach data point
100 is 9.7 time periods (the same as assuming a
1-Hz sampling rate) finds the filter's predicted
position.
SOLUTION: Because x(90.3/90.3) is not available, approximate
3 ~it is § x(90/90). Then the filter's prediction






It should be noted that when the shell flight times are
generated by GUNFIRE these are applicable only to the origi-
nal track or a track rotated by the MCSP. If translation of
a track is to be performed by the MCSP the shell-at-target
miss distances generated will be erroneous, and this option
should not be used.
D. ONLINE CALCULATION OF COVARIANCE MATRIX
OF POSITION MEASUREMENT NOISE
The covariance matrix of measurement noise, R, is a meas-
ure of the noise associated with the measurements and is used
Tin calculating the gains. R is defined as E[n(k) n (k)
]
where n(k) is the additive noise vector at time k.
In problems where the measurements are linearly related
to the filter states, R can be approximated as a constant
matrix for the entire track, an option available in the MCSP.
However, when the observations presented to the filter
are range, bearing, and elevation (with noise assumed mutual-
ly independent) and the state equations are in rectangular
coordinates, the required coordinate conversion generates a
coupled, non-independent relationship among the noise terms
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in the filtering coordinate system. This section presents a
derivation to define the resultant R matrix for the given
coordinate conversion.
The radar measures range, r, bearing, 6, and elevation,
4> , and these measurements are made available to the estimator
at sample times with the parameter k as an index. The
measurements also include independent noise terms n, (k)
,
n~(k), and n~(k) that are assumed to be characterized by
random, white distributions with mean zero and known vari-
ances. This implies that








































and o must be known. The coordinate
system is the same as shown in Figure 2.
The rectangular coordinates of the target are
X(k) = r(k) cos (k) cos
<J>
(k)
Y(k) = r(k) sin 0(k) cos 4>(k)










However, the output of the radar is
S-^k) = r(k) + n-^k) (64)
S
2





(k) = <}>(k) + n
3
(k) (66)
and what the estimator receives is given by the noisy XYZ
























If equations (64) - (66) are substituted into equations (67)-
(69), trigonometric identities used with subsequent expan-
sion, and it is assumed that the bearing measurement noise,
n„ (k) , and elevation measurement noise, n_.(k), are small so
that cos n„ (k) - 1, sin n„ (k) - n„ (k) , cos n~(k) ~ 1, and





(k) = X(k) + V;L (k) (70)
Z
2





(k) = Z(k) + v
3
(k) (72)
where v, (k) , v„ (k) , and v,. (k) represent additive noise and
are given by
3 ...
In most radar tracking systems the standard deviations in
bearing and elevation are less than .005 radians, or .286
decjrccs. The 3a point, which includes 99% of this is, therefore,
approximately 0.86 degrees. For comparison,
sin 0.86° = .0153 vs. .015 radians





(k) = - r(k) n
3
(k) cos 6 (k) sin <j>(k)
- r(k) n
2





(k) sin G (k) sin cf>(k)
+ n-, (k) cos G(k) cos
<J>
(k)
-n, (k) n_.(k) cos 8 (k) sin $ (k)







(k) sin 9 (k) sin 4>(k) (73)
v
2
(k) = - r(k) n
3










(k) cos 9 (k) sin (j) (k)





(k) sin 6 (k) sin (j) (k)







(k) cos (k) sin (J) (k) (74)
v (k) = r(k) n
3
(k) cos <()(k) + n
1





(k) cos <|>(k) (75)
Using the assumed mutual independence of the noise pro-
cesses and the state variables which implies E[n. n
.
] = E [n
. ]
1 J i





(k)] = 0, for all k, because
E[n1 (k)] = E[n 2 (k)] = E[n3 (k)] = 0.
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2 2Then, if it is assumed that r (k) » o , the follov/ing termsK
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(j)] = E[v2 (k) v1 (j)]
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3 (j)] = E[v 3 (k) v1 (j)] =







2 (k) a 2 sin 2 6(k) sin 2 <t> (k)
+ r









9 (k) sin 2 (fr(k)
+ a
2




3 (j)] = E[v3 (k) v 2 (j)] =







3 (j)] = r
2
(k) a2 Cos 2 4>(k)
+ a sin <Kk) (82)
A matrix summary of R for the three-dimensional coordi-
nate system is
R =








1 (j)] E[V3 (k) v3 (j)] E[v 3 (k) v 3 (j)]
(83)
This covariance matrix is included in the MCSP by the
subroutine RNOISE and functions in the following manner.
The current filter estimate is used to predict ahead one
time increment to define the expected position states. These
predicted XYZ values are taken by routine RNOISE, converted
to RBE , and, along with the standard deviations, a , o ,
and aF input as data, which, when squared, give the neces-
sary variances , are used to define the covariance matrix of
measurement noise required for calculating the gains for the
next filter estimate. That is, x(k + 1/k) is used to obtain
R for computing the gains needed to determine x(k + 1/k + 1)
.
Again, this approach is an option which can be used with
the Monte-Carlo simulation.
E. COVARIANCE MATRIX OF STATE EXCITATION
A filter designed to exactly follow a constant-velocity
target will lag an accelerating target unless some technique
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is incorporated to allow the filter to respond to the changes
with increased gains to more heavily weight the latest obser-
vations. Increasing these gains is equivalent to increasing
the bandwidth of the filter thus insuring that it is able to
respond to deviations from the expected target performance.
The compromise made, however, is that additional measure-
ment noise .is able to enter into filter estimation and pre-
diction through the increased bandwidth thus degrading the
ability of the filter to reject measurement noise. There is,
therefore, a balance which must be met between too small a
covariance matrix of state excitation, Q, and a resultant
lagging filter and too large a Q with subsequent erratic
filter behavior.
The MCSP can accommodate the use of a Q matrix in two
ways--by using a constant input matrix of the anticipated
covariance of state excitation in the calculation of all
gains or by generating, online, Q matrices through a proce-
dure that is adaptive to the residuals detected between
predicted and estimated filter states. The alternative to
these methods, as the MCSP currently exists, is to use no
Q and input zeroes in its place.
The first of these methods requires some prior analysis
of the target motion before the Monte-Carlo simulation is
exercised, and with a modeled track, such as that designed
for simulation with the MCSP, the variances can be evaluated
using the track data.
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The most direct method for obtaining terms to define a
constant Q matrix is to take successive differences of the
position data to approximate velocities, accelerations, and
acceleration rates. Having these arrays of accelerations
and acceleration rates in each dimension of the coordinate
system, the mean and variance of each array can be calculated
awith- the usual -statistical procedures. The resultant quan-
tities provide the necessary variances for determining Q for
either constant-velocity or constant-acceleration models if
the means produced are, in fact, close to zero (the assumed
mean of random forcing) . The implementation of this approach
is included at the end of the track generating program in
Appendix B, and the output of that program is also there show-
ing the variances generated by the above technique.
While these variances are defined from actual track data
it must be remembered that the resulting constant Q matrix
will inevitably be sub-optimal since the accelerations or
acceleration rates do not, in most cases, occur uniformly
over the track; for some points Q will be "too small," thus
not compensating for target motion and for other points Q
will be "too large" allowing for measurement noise degrada-
tion of filter performance.
The use of a well-chosen constant Q matrix does, however,
offer two distinct advantages. The first is that, if well
chosen, it cannot help but improve the performance of a
filter not dynamically adequate to follow a maneuvering tar-
get and, second, it offers simplicity and subsequent reduced

computation time and core area requirements in comparison to
an adaptive technique.
The Q matrix, when implemented as a constant matrix, is
defined by
m m
Q = r E[w w ] r (84)
T
where E [w w ] is the covariance matrix of state excitation,
and Y_ is necessary to relate changes in velocity or accelera-
tion for the constant-velocity or constant-acceleration
filters, respectively, through successive integrations, to
the appropriate states, For the XYZ coordinate system, when
the random forcing is assumed to be de-coupled,
T
E [w w ] =
X
The matrix r_ for a de-coupled constant-velocity filter in












where T is the time between measurements. The constant-














In the MCSP the matrices £ and E [w w ] are input separately,
and the necessary matrix products are formed to define the
Q matrix.
The second of the two methods available is an adaptive
technique described in (4). The Q matrix, at any point along
the track, is defined to be
Q(k) - K
1
[x(k/k) - x(k/k-l)] [x(k/k)
- x(k/k-l)P - K
2
• Q(k-l) (88)
where x(k/k) is the filter's state estimation vector at time
k and x(k/k-l) is the state prediction vector determined at
time k-1. It is this residual between the predicted states
at time k using knowledge through time k-1 and the estimated
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states at time k which offers a measure of the state exci-
tation acting to cause the discrepancy. The terms K, and
K„ are weighting constants used to limit the degree to which
Q can change from one point to the next. By increasing K,
,
Q becomes much more responsive to residuals and, also, noisy
estimates while an increase in K~ results in a type of damp-
ing on the Q matrix.
This is, to say the least, a seat-of-the-pants approach,
but, given a very complex modeling scenario, it offers many
points in its favor. First, it is very simple and easy to
implement with small additional computation time and storage
required. Secondly, it does, in fact, vary the magnitude of
Q quickly, from point to point, rather than waiting for some
threshold to be passed before alteration. Also, in a steady-
state situation where the residual goes to zero, so does Q,
thus maintaining minimum bandwidth as desired.
It should be noted that the nature of gain calculations
requires that the Q matrix generated at point k is used to
determine the gains for calculating the filter estimates at
time k + 1, but given a reasonably high sampling rate the
loss in performance should not be significant.
This adaptive method is easily requested, as will be
shown in the section on using the MCSP , and the logic for
its implementation appears at the end of subroutine UPDATE.
F. INITIALIZATION
The initialization of a Kalman filter can greatly affect
the speed with which filter estimates and predictions improve.
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Many techniques are available, and three options exist in the
MCSP for user selection.
The first is a default option which is used if the other
two methods are not requested. The filter initializing
vector, x(0/-l) , has its position states defined as the first
observation, z_, and the remaining states are initialized
to zero. -In conjunction with this choice it is advisable to
initialize the prediction covariance matrix with very large
values to assure large gains during the transient period.
The second possibility is to read in the initial condi-
tions, an option that will be described in the next section.
This is fine if reasonable initial conditions are known, but
care must be taken not to detract from filter performance by
choosing erroneous values offering worse initial conditions
than the default case. Again, it pays to choose a large
prediction covariance matrix if the gains are not precal-
culated.
The third option is to have the MCSP generate "synthetic"
estimates by solving difference equations, online. With this
method it takes two measurements to generate a velocity
estimate and a third to generate an acceleration estimate
if needed. After either two or three measurements, depend-
ing on whether a constant-velocity or constant-acceleration
model is used, an initializing estimation covariance matrix
















1/T 2/T 2 3/T 3
21/T Z 3/T 3 6/T 4
1 1/T 1/T 2
1/T 22/T^ 3/T 3
1/T 2 3/T 3 6/T 4
1 1/T 1/T 2
1/T 2/T 2 33/T J
1/T 2 3/T 3 46/T
(90)
The appropriate estimation covariance matrix is then used
to generate a prediction covariance matrix for calculating
the next gain matrix. With this option it is not necessary
to input an initial prediction covariance matrix. The logic
for its implementation can be found in subroutine UPDATE of
the MCSP included as Appendix C.
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IV. DESCRIPTION OF MONTE-CARLO SIMULATION PROGRAM (MCSP)
A. APPLICATION
The Monte-Carlo Simulation Program is designed for use in
comparing 6th and 9th-order filter evaluations of airborne
tracking methods and incorporates user controlled selection
of the options mentioned in the previous sections and several
other features that are discussed in this section. A listing
of the program in FORTRAN IV appears in Appendix C. Comments
appear liberally throughout the listing to aid in following
the flow of the program as well as for pertinent information
related to variable definitions and input instructions. The
following sub-sections elaborate on the procedures to follow
in using the MCSP and describe the output provided.
B. INPUTS
The input cards are described in sequence as required by
the MCSP with description of the different arrangements dic-
tated by the options requested. Unless otherwise specified
the data should be double precision, D, format and right
justified in the fields designated because calculations in











I 10 Integer specifying the number
of Monte-Carlo runs desired
I 10 An integer "1" specifies that
true velocity data for the track





(ARRAY) NAME FORMAT DESCRIPTION
31 - 44 LOOK
51 - 70 TIME
14 I 1 A 14-element integer array for
outputing plots on the high
speed printer. A "1" in the
specified column produces a
plot as follows:
31 - Mean miss distance when
shell arrives (from shell-at-
target calculations). Default
option automatically prohibits
this output if the gunfire op-
tion is not requested.
32 - Mean filter estimation
error in X position calculation
33 - Same for Y coordinate
34 - Same for Z coordinate
35 - Variance of X position
estimates
36 - Same for Y
37 - Same for Z
38 - Mean filter estimation
error in X velocity calculation
39 - Same for Y
40 - Same for Z
41 - Variance of X velocity
estimates
42 - Same for Y
43 - Same for Z
44 - Estimated target tangen-
tial velocity in ft/sec










I 5 Integer specifying the number
of states, i.e. order of filter
such as 6 or 9
15 An integer specifying the num-






(ARRAY) NAME FORMAT DESCRIPTION
11 - 15 OPT
16 - 20 BEGIN
21 - 25 IR
26-30 ADAPTQ
31 - 35 IG
36 - 40 IGAIN
41 - 80 LABEL
15 An integer "1" causes the
program to generate synthetic
measurements for filter initial-
ization
15 An integer "1" signifies that
the filter initialization vector
x(0/-l) is to be input data
I 5 An integer "0" causes the pro-
gram to generate, online, R
matrices as discussed in III.D.
An integer "1" signifies that
a constant R matrix is input
data.
15 An integer "1" incorporates the
adaptive Q matrix calculations
15 An integer "1" causes the MCSP
to punch out the gain matrices
for each point on the track with
one row of a matrix per card and
having two coded integers in the
first 10 columns of each card.
The first specifies the track
point and the second gives the
row of the gain matrix for that
point on the track. The gains
are punched in a D format in
columns 11-30, 31-50, and 51-70
of each card. NOTE: It is
necessary to change the •'
.
econd
control card of the source deck
from // EXEC FORTCLG to // FXEC
FORTCLGP when using this option .
I 5 This integer parameter controls
the handling of gains in the
MCSP. An integer "0" causes
gains to be generated online for
each MC run. An integer "1"
generates gains on the first
run with a noiseless track and
uses these gains for all subse-
quent noisy tracks. An integer
"2" causes gains to be read in
by rows, 3 number per card.
The data should be in D format
in 20 column fields beginning
in column 11.
10 A 4 A 10-element alphanumeric array
for run identification that

















D 15.0 Standard deviation of noise
added to range data in yards.
In MCSP this is added to .001-
Range to provide a realistic
figure
D 15.0 Standard deviation of noise added
to bearing data in radians
D 15.0 Standard deviation of noise
added to elevation data in
radians
D 15.0 Weighting constant for adap-
tive Q option which multiplies
previous Q
D 15.0 Weighting constant for adaptive















16 -- 35 TRANSX D 20.0
36 -- 55 TRANSY D 20.0
56 -- 75 TRANRZ D 20.0
An integer which specifies the
rotation of the target track
desired:
- no rotation
1 - 45° counterclockwise
2 - 90° counterclockwise
3 - 200.5° counterclockwise
An integer controlling the
addition of measurement noise
to the track
- no noise
1 - add noise
An integer "1" causes MCSP to
calculate and output shell-at-
target residuals
Desired translation of all X-
axis data points in yards
Same for Y axis
Same for Z axis
6 6

Card 5 begins the input section for matrices, and, there-
fore, the description given is for a typical card of the
matrix with an indication of the number of cards that should
be in the matrix. This section also depends upon the options
that have been chosen above, and the possible combinations
are discussed below.
1 - If gains are to be read in (IGAIN = 2) they are done so
here under the format specified under the IGAIN = 2
description. There should be NN • N cards. (Next go
to #1 below to read 4>_ matrix.)
The following optional matrices apply when gains are calcu-
lated by the MCSP.
2 - If the R matrix is to be computed by the MCSP and synthe-
tic measurements for initialization are not requested
(OPT ^ 1) the following sequence applies.
(a) Read initial prediction covariance matrix, P (0/-1)
,
an N X N matrix. Data is read with an 8D10.5 format,
thus there are N cards for 6th-order and 2-N cards for
9th-order with the 9th element of each matrix row on a
card by itself in the first 10 columns following the
card with the first 8 elements punched.
(b) Read initial matrix of random forcing covariances,
E [w w ] , a (3X3) matrix with the same input format as
(a).
(c) Read the (3 X N) _T matrix with the same format as (a)
3 - If R is to be a constant matrix, the instructions in 2
above apply with the addition of reading the (3 X 3) R
matrix between (a) and (b) . The format is the same as
2 (a) above.
4 - If gains are calculated online and synthetic measurements
are desired for filter initialization (OPT = 1) it is not
necessary to provide a prediction covariance matrix.
Therefore, in this case either the matrix of expected
forcing covariances or a covariance matrix of measurement
noise should appear first in this section of optional
matrices.
These optional matrices having been arranged correctly
,
the next two matrices follow for all four possibilities.
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1 - The N X N plant dynamics matrix, £, is read. Again, the
format follows that described in case 2 (a) above.
2 - The 3 X N (for a three-dimensional problem) measurement
matrix, H, is read next with the same format as for <£_.
There should be either six or 12 cards depending on the
order of the filter.
The next major group of cards pertains to the track data.
The format for all track data is to read the XYZ components
for a given point with a 3D20.0 specification for fields
beginning in column nine. If true velocities are available
and to be read they should be punched according to the same
format, and the velocity data card for a given track point
should follow immediately after the corresponding position
data card and prior to the next point's position data card.
There should be either NN or 2 • NN cards in this segment
depending on whether velocity data is available or not.
Following the track data, if IGUN = 1 implying that the
shell-at-target calculations are desired, should appear the
shell flight times punched one per card in the first 20
columns. There should be NN of these cards, and the format
statement controlling their input is D20.0.
The last two cards possibly needed are for the initial
conditions for the state vector x (0/-1)
r
called for when
BEGIN - 1. The same format is followed as for the track
data with the position data on the first card and velocity
data on the second. In the case of a 9th-order filter the
acceleration initial conditions are automatically set to
zero.
This concludes the discussion of input data organization,





Most of the output provided by the MCSP is self-
explanatory, but a summary is included here with some addi-
tional insight into what the output actually means and a
few peculiarities that the user should be aware of. A
complete sample output is included with the example in
Appendix E.
The first general output segment includes specification
of some of the input parameters as well as the initial con-
dition matrices. The matrices printed depend on what is
relevant to the run requested. For example, if gains are
read in, no prediction covariance matrix or random forcing
matrix is provided. Also, if the adaptive Q method is
used the actual initial state excitation matrix is printed
instead of the output for constant-Q filter runs which
includes the variances of random forcing that are provided
as input data.
The next output segment, if requested, is the performance
table showing the shell-at-target residuals. Because it
takes several seconds for a shell to reach the target after
filtering has been initiated, the output shows no residuals
until this flight time has been satisfied. In the case of
the track designed for the MCSP with no track translation ,
this amounts to 36 time increments. Also printed is a
figure of merit for the given filtering scheme which is the
average shell-at-target miss distance for those track points
where it is applicable.
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Following the gunfire figure of merit is a filter per-
formance factor representing the rms error in filter posi-
tion estimates averaged over the entire track. If true
velocity data is available, a similar performance factor is
printed which represents the rms error in filter velocity
estimates averaged over the entire track.
The succeeding output table displays actual filter esti-
mation accuracy by showing the mean and variance of the
error between the filter estimate and the true track data.
If velocity data is not available, the output for the velo-
city statistics presents the mean and variance of the
estimates themselves
.
The last and optional set of output is the plots
requested on the first data card. These are produced by the
routine PLOTP with one plot per page and headings already
provided for the three-dimensional XYZ coordinate system.
70

V. SUMMARY OF REPRESENTATIVE SIMULATION RUNS
A. DESCRIPTION OF RUNS AND NUMERICAL RESULTS
This section presents the results of the simulations
using some of the various combinations of options available
in -the MCSP. Rather than include the extensive outputs of
the simulations only relative figures of merit for the shell-
at-target accuracy calculations and filter performance
factors are listed in Table II to provide some insight into
the effects of possible combinations of selected options.
In addition, results are included that were obtained using
the MK-86 filter simulation developed in [5]
.
Descriptions of the various runs follow that include
mention of the unique options used for each run. Unless
otherwise specified the controls and initial conditions used
in all runs include:
(a) 100 Monte-Carlo runs,
(b) £, T_ and H are the same as described previously for
6th and 9th-order filters
,
(c) P(k/k-l) is "large" (1.D05 for all diagonal terms),
(d) Covariances of random forcing input matrix = ,
(e) Standard deviations of Gaussian noise added to track
are a T1 = 5 + .001 X Range, a n = .002 radians,R Jd
a„ = .002 radians,
(f) No rotation or translation of track data,
(g) Initialization of filter by letting the first observa-
tion define the position states in x(0/-l) .
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Reference made to "Constant Q" in the descriptions signi-
fies that the covariances of random forcing used for defining
the constant Q matrix are those calculated by successive
differences in the track generating program. It should be
kept in mind that this process is based on the analysis of a
noiseless track, and the use of the covariances thus obtained
are inherently small for the noisy-track simulations with
subsequent estimator error.
Run Number Order of Filter Special Features
1 6 1 Monte-Carlo run
No additive noise on track
2 6 IGAIN = (gains calculated
every run)
3 6 IGAIN = 1 (gains calculated on
first run with noise-
less track)
4 6 IGAIN = 1
Constant Q (values listed in
Appendix B)
5 6 Same as 4
OPT = 1 (synthetic initialization)
P(k/k-l) =
6 6 Same as 4
BEGIN = 1 (x(0/-l) is set to 0)
7 6 IGAIN =
Adaptive Q with K, = . 1, K„ = .9
8 6 IGAIN =
Adaptive Q with K, = .5, K„ = .5
9 6 IGAIN =
Adaptive Q with K, = .9, K = .1
10 6 IGAIN =
Adaptive Q with K, = . 1 , K„ = .
9
IDIR = 1 (45° rotation of track)
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Run Number Order of Filter Special Features
11 6 IGAIN =
Adaptive Q with K = .5, K = .5
IDIR =1 L l
12 6 IGAIN =
Adaptive Q with K. = .9, K = .1
IDIR =1 l
13 9 1 Monte-Carlo run
No additive noise on track
14 9 IGAIN = 1
15 9 IGAIN = 1
Constant Q
16 9 IGAIN =
Adaptive Q with K, = .1, K, = .9
17 9 IGAIN =
Adaptive Q with K, = .5, K
?
= .5
18 9 IGAIN =
Adaptive Q with K, = .9, K = .1
19 9 Same as 18
Only position and velocity esti-
mates used for shell-at-target
accuracy calculations
20 6-9 Model of MK-86 estimator
No additive noise on track
1 Monte-Carlo run
The second column of Table II lists shell-at-target
figures of merit normalized to the results obtained with the
MK-86 estimator. This is done to indicate relative perfor-
mance against what must be considered a severe test of the
filters studied. Due to compatability problems between the
MK-86 estimator and the MCSP the results for run 20 are based
on a noiseless track with one Monte-Carlo simulation. This
produces optimal statistics since noise on the track degrades
filter performance, and the comparison between the MK-86
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estimator and the other filters in the study is slanted in
favor of the former.
Additional insight into the potential success of the fire
control system estimators in generating accurate firing
orders is reflected in Table III where summaries of the
numbers of hits within several radial miss distances of the
target are tabulated for the better filters. Again, these
figures would undoubtedly improve given a less maneuvering
target, but it is worthwhile to know the possible conse-
quences of a threat as reflected in the modeled track. The
numbers shown are out of a total of 19 7 shells fired in the
simulation.
B. EVALUATION OF RESULTS
An analysis of the numerical results presented in
Table II reveals several items of interest. In this section
the influence of such factors as the method of determining
and using gains, initialization, type of Q matrix used, and
direction of approach are empirically compared, and possible
explanations for the trends shown are discussed.
The motivation for runs 1-3 and 13-14 was to check the
reliability of the Monte-Carlo statistics and to compare the
various techniques for determining and using gains. With
noise of mean zero added to the track in runs 2 , 3 , and 14
the filter estimate errors should have been consistent with
those generated in runs 1 and 13 (single run, no additive
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35 41 44 52
18 9th order
Adaptive Q
k, = • 9 / K„ — .1
18 30 40 43




20 MK-86 Estimator 12
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to test the reliability of using gains calculated on the
first run having a noiseless track against the results of a
simulation having gains calculated on every run. As can be
seen in Table II both tests showed desired results— the
statistics for 100 runs with noisy tracks gave the expected
mean errors, and the gain calculations on the first run
having a noiseless track provided reliable results if used
for all other runs having noisy tracks. It should be noted
that calculating and using gains in this manner is only
possible when Q is a constant matrix. Attempts to use
IGAIN = 1 with adaptive Q simulations resulted in major
discrepancies because the noise on the track is a major
factor influencing the magnitude of the Q matrix from point
to point, and the noiseless track did not provide similar
residuals
.
Runs 4-6 were designed to evaluate the various initializa-
tion methods, and the results show only minor variation.
A most interesting trend in the application of the
adaptive Q option is revealed by runs 7-12 and 16-18. It is
apparent that for the track used it is beneficial to provide
some damping in the form of a high K,/K„ ratio. A plausible
explanation is that additive noise can cause undesirable
residual variation and subsequent erratic Q matrices if
allowed to too heavily weight the updated Q matrix. Select-
ing the correct ratio shows obvious improvement in filter
performance and provides better performance factors in
Table II than those for the constant Q runs with 6th and
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9th order filters. However', the numbers of hits within the
several radii shown in Table III do not show the same pat-
tern, and this suggests that if the requirement to have a
few shells within a small radius is more important than
having a lot of shells within a larger radius, then a less
responsive Q matrix calculating technique is needed. Because
in most airborne filtering situations the .random forcing on
the target is unknown, the successful implementation of an
adaptive technique seems to be the only way to deal with all
possible situations.
The rotation of the track in runs 10-12 was provided to
check that option and confirm that the trends shown are not
functions of the direction of approach of the target.
A final area of comparison is between the 6th and 9th
order filters with similar options used. As expected the
9th order filter provided smaller mean filter estimation
errors because of its ability to exactly follow a constantly-
accelerating target. Specific runs for comparison are 4 and
15 for the constant Q runs and 9 and 18 for the best of the
adaptive Q runs. As shown in Table II the two methods for
determining Q provide similar results for the 6th-order
filter with the constant Q method producing slightly smaller
filter estimation errors. In the case of the 9th-order
filter the adaptive Q technique provides superior position




A most noteworthy incompatibility is the contradiction
shown for shell-at-target miss distances between 6th and 9th-
order estimators. From Table II it is suggested that the
6th-order filters offer superior performance in minimizing
the miss distances, but the actual superiority belongs to
the 9th-order filters as evidenced by Table III. The dis-
crepancy can be explained by the fact that the 6th-order
filters consistently provide miss distances that are in the
range from 50 to 150 yards but fail to reduce this substan-
tially whereas the 9th-order filters do provide these
minimum miss distances but are substantially worse at ranges
greater than 3000 yards due to the effects of acceleration
estimation errors. At great distances these acceleration
estimation errors are important due to the larger flight
times of the shells.
Run 19 was included as a special study to determine the
shell-at-target accuracy for the filter in run 18 when only
position and velocity estimates were used for prediction.
Some internal changes were required in the MCSP to obtain
these results that are intended to reinforce the comments
made above.
The results for run 20 present the performance of the
existing system against the scenario of the MCSP track. This
is a combination 6th-9th order filter using only position
and velocity estimates to generate predicted target location
for determining gunfire orders.
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VI. CONCLUSIONS AND RECOMMENDATIONS
Judging from the results presented in the previous sect-
ion the techniques and derivations presented in this thesis
have been shown to be applicable to airborne tracking prob-
lems with possible results superior to those obtained using
present estimators. The use of a Monte-Carlo simulator has
been beneficial in insuring that the results obtained are
statistically legitimate for the scenario studied. Also,
the capacity to vary the implementation of the many options
available has made it possible to determine those factors
that offer the greatest potential for improved estimator
performance
.
While the results presented in this thesis are encourag-
ing, the scope of the study must be reiterated in order to
avoid drawing too broad conclusions regarding the applica-
bility to aircraft tracking problems. The track developed
and used was selected because of its common use today in
typical aircraft tactics, but much additional analysis would
be necessary to categorically accept the relative capacities
of the several filters presented herein. It is the adherence
to such an analytical approach that can insure that the
filters acquired for modern gunfire control systems are




The results have shown that given a complex target
approach, basically simple filters are capable of surprising
results if reinforced by techniques designed specifically
for the model scenario. The online generation of the
covariance matrix of measurement noise and adaptive covari-
ance matrices of random forcing are examples that contribute
to minimizing filter -estimation errors. These features are,
of course, dependent upon the availability of computation
capacity, but with "the advent of smaller, faster, and less
expensive computers the restrictions imposed are becoming
more liberal all the time.
This thesis was intended to correlate some of the impor-
tant concepts pertinent to airborne tracking filters into an
easily used simulation program for current -and future study.
Some areas that appear to offer additional potential for
filter improvement and simulation accuracy include continued
study in the field of adaptive covariance matrices of random
forcing, a feature seen to be most powerful in this thesis,
further work in the area of computation time and storage
requirements for implementing various filtering approaches,
and refinement of the shell-at-target accuracy calculations.
Furthermore, implementation of simulation-generated techniques
into actual models for testing is mandatory to provide feed-
back for refining the simulators, thus saving investment in





PROGRAM LISTING FOR MONTE-CARLO RUN REQUIREMENT EVALUATION
The program written for analyzing the existing generators of
normally distributed random numbers is included in this
appendix. It provides statistics for empirical mean and
standard deviation.within 5,-10, 15, 20, and 25 percent of
the desired standard deviation for ensembles taken a vari-
able number of times.
In the program the following variables can be altered
to obtain additional statistics describing expected results
in Monte-Carlo simulations
ITER - The number of samples in each ensemble
N - The number of ensembles determined by data cards
using an 15 format in the first five columns.
The program is written to terminate when N = 5000, but
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The following program generates the track data used in
the simulations conducted for comparison in this thesis.
Both position and velocity data are produced for each of the
233 points on the track, and, in addition, the means and
variances of accelerations and acceleration rates are
calculated and averaged over the entire track to provide
data used in the "Constant Q" simulations.
The results of the latter calculations follow, and it
should be remembered that the validity of using the variances
in defining a constant Q matrix is dependent on having
enough sample points to insure accelerations and acceleration
rates with the assumed mean of random forcing (zero)
.
2Mean acceleration in X direction
ii Y "
Z
Variance of acceleration in X direction
ii Y "
Z
Mean acceleration rate in X direction
n Y "
Z
Variance of acceleration rate in
X direction:
Variance of acceleration rate in
Y direction:
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LISTING OF MONTE-CARLO SIMULATION PROGRAM (MSCP)
A complete listing of the Monte-Carlo Simulation Program
is included herein. For user convenience the statement
numbers are in ascending order allowing -for- easy location of
designated statements, and the cards are labeled in the
right margin for reference and ordering if required.
Variable and array descriptions appear at the beginning
of the program with instructions for the input parameters
immediately following each READ statement. Format state-
ments controlling headings on the output plots are included
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LISTING OF SHELL FLIGHT TIME INTERPOLATION PROGRAM
The program that interpolates in the 5 in - 54 gunfire
table (included after the program listing) to generate the
shell-at-target flight times is included in this appendix.
In its present form it can provide times for tracks operat-
ing in a region bounded by
minimum range - 500 yards
maximum range -7500 yards
minimum elevation angle - 15 degrees
minimum elevation angle - 90 degrees,
If track data points fall outside of these limits the
program can be easily expanded by enlarging the arrays and
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A sample problem is included to display a representative
input data set and the output that can be expected from the
MCSP. A description of the desired simulation follows:
Number of Monte-Carlo runs - 100,
Track has 233 points with 4-Hz, sampling rate with
approximate velocity data available,
Direction of approach - 45°,
Order of filter - 6,
Initialization by synthetic measurements is desired,
Adaptive Q with K, = .9, K„ = .1,
Noise statistics are a_. = 5.0 + .001 X Range
K
aD = o„ = .002 radians,
Shell flight times are available, and shell-at-target
accuracy calculations are desired,
_£, T_, and H are standard 6th order matrices,
Desired output includes all available plots.
An abridged listing of the input data appears next
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